Information transfer using a single particle path-spin hybrid entangled state 
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The path-spin entangled state of a single spin-1/2 particle is considered which is generated by 
using a beam-spitter and a spin-flipper. Using this hybrid entanglement at the level of a single 
particle as a resource, we formulate a protocol for transferring of the state of an unknown qubit to a 
distant location. Our scheme is implemented by a sequence of unitary operations along with suitable 
spin-measurements, as well as by using classical communication between the two spatially separated 
parties. This protocol, thus, demonstrates the possibility of using intraparticle entanglement as a 
physical resource for performing information theoretic tasks. 
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Quantum entanglement is a crucial ingredient in 
the storage and distribution of quantum information 
in the currently vibrant research area of quantum 
information [![. Historically, the first fundamental impli- 
cation of entanglement was noticed in terms of position- 
momentum variables [H , and was later extended for the 
discrete spin variables Q- In recent times, the theory 
of entanglement has been much studied for systems de- 
scribed by Hilbert spaces for the discrete variables [3] on 
the one hand, and for those corresponding to continuous 
variables Q on the other. Several interesting informa- 
tion processing protocols such as quantum teleportation 
@, dense-coding [7j and cryptography [H have been de- 
veloped for spin entangled states, as well as for position- 
momentum entangled states 0, ■ 

Further, it needs to be noted that in the larger context 
of investigating various ramifications of quantum entan- 
glement and its applications to a wide range of diverse 
phenomena such as phase transitions in condensed mat- 
ter systems [ll[ and black hole physics [12], the study 
of hybrid entanglement between the dynamical variables 
belonging to different Hilbert spaces such as those cor- 
responding to path (or linear momentum) variables on 
one hand, and spin variables on the other, is particularly 
relevant. However, surprisingly, even though quantum 
mechanics allows for the existence of hybrid entangled 
states connecting Hilbert spaces with distinctly different 
properties, the possibility of physical realization of such 
states is only beginning to be appreciated (l3l - fl6l |. 

Even more interesting is the idea of generation of intra- 
particle entanglement between different degrees of free- 
dom of the same particle. The entanglement between the 
pol arization and the linear momentum of a single photon 
[14| . and also the polarization and the angular momen- 
tum of a single photon [l5j has been demonstrated ex- 
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pcrimentally. Further, it has been shown recently how 
flavor oscillations of neutrinos could be related to mul- 
timode entanglement of single particle states [l6|]. The 
idea of creating entanglement between the path and the 
spin degrees of freedom for a single spin-1/2 particle was 
proposed earlier in order to demonstrate contextuality in 
quantum mechanics [13] ■ Such path-spin hybrid entan- 
gled states for single neutrons have also been realized ex- 
perimentally [lH . Recently, it has been shown how intra- 
particle hybrid entanglement could be swapped onto the 
standard inter-particle entanglement of two qubits 19]. 

Since intra-particle entanglement between different de- 
grees of freedom is confined locally with a single par- 
ticle, it should be easier to preserve, at least in prin- 
ciple, against dissipativc effects. It is then natural to 
ask the question as to whether such hybrid entanglement 
between different degrees of freedom of the same parti- 
cle could be used as resource for information processing. 
At the outset such an idea seems difficult to implement, 
since this entanglement is not delocalised between two 
regions in a way that is amenable for exploiting as a 
resource. It may be relevant to recall here the interest- 
ing debate in the literature regarding demonstration of 
nonlocality at the level of an entangled state of a sin- 
gle particle [13]. In this Letter we devise a protocol for 
using hybrid entanglement at the level of a single parti- 
cle for quantum information processing. We show how 
the path-spin entanglement of a single spin-1/2 particle 
could be used as a resource for transferring the state of 
an unknown qubit at a distant location. In order to re- 
alize such a scheme, we first discuss a method to set-up 
the intra-particle hybrid path-spin entanglement using a 
beam-splitter and a spin-flipper. Our protocol for infor- 
mation transfer then proceeds with a series of operations 
performed by the two distant parties (Alice and Bob) 
including unitary transformations, appropriate measure- 
ments using Stern-Gerlach devices, and classical commu- 
nications. Our scheme is pictorially illustrated in Fig. 1. 

Let us consider an ensemble of spin-1/2 particles, all 
corresponding to an initial spin polarized state along the 
+z — axis (denoted by \tz))- Taking into consideration 
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FIG. 1: A spin- 1/2 particle (labelled as particle 1) with an initial 
spin polarised state | t)z falls on the beam-splitter BS1. A spin- 
flipper is placed along the reflected channel (labelled by |0) p ). A 
CNOT operation is performed by Alice involving this particle and 
another particle (labelled as "a" . A second CNOT operation is per- 
formed involving particle 1 and her second particle (2)teleportncw 
which is in an unknown state \ij) m ). Alice sends the particle (1) to 
Bob who lets this particle fall on the beam-splitter BS2. A CNOT 
operation is performed by Bob involving this particle and another 
particle (3) possessed by him (labelled as |0}f ). Bob measures the 
spin of the particle (1) using the Stern-Gerlach devices SG2 and 
SG3. Alice then measures the spins of the particle (2) and particle 
(a) using the Stern-Gerlach devices SGI and SGA along the z-axis. 
According to the results of the spin measurements through SGI 
and SGA (communicated classically by Alice to Bob), and through 
SG2 or SG3 (as performed by Bob), he applies a suitable unitary 
operation ( U ) on his particle (3) in order to recreate the original 
state \if)i n ) possessed by Alice. 



the path (or position) variables of the particles, one can 
write down the joint path-spin state for ensemble as 



\S)l s = Ho) P ®\t z ) 



(1) 



where the subscripts p and s refer to the path and spin 
variables, respectively. The particles are then allowed by 
Alice to fall on a beam-splitter (BS1). Since the beam- 
splitter acts only on the path-state without affecting the 
spin-state of the particles, the input-output relation is 
described by the unitary transformation 



\ipo) P 



a i/3 
—f3 ia 



|0>, 



(2) 



with a 2 + f3 2 = 1 (a and /3 are real), where a 2 and /3 2 
are the reflection and transmission probabilities respec- 
tively, and the reflected or the transmitted channel are 
designated by |0) p or respectively. In the following 
argument a crucial role is provided by the mutually or- 
thogonal path states |0) p and which are eigenstates 
of the projection operators P(\0) p ) and P(|l) p ) respec- 
tively. These projection operators can be regarded as 
corresponding to the observables that pertain to the de- 
termination of 'which channel' a particle is found to be 
in. For example, the results of such a measurement for 



the reflected (transmitted) channel with binary alterna- 
tives are given by the eigenvalues ofP(|0) p ) (P(|l) p )); the 
eigenvalue +1(0) corresponds to a neutron being found 
(not found) in the channel represented by |0) p (|1) P ). 

The state of a particle emergent from BS1 can be writ- 
ten as 



|5)^^|^ s = (a|l) p + ^|0) p )®|t,) s 



(3) 



We can identify the state vectors |0) p , |l) p , | tz)s, and 
I U)s as 



\0) P = 



|1>p = 



1 1.>. = |o>. = 



(4) 



Note that though we arc considering here a single parti- 
cle, the dichotomic path and spin variables enable it to be 
viewed effectively as two qubits. Next, suppose the par- 
ticles in the channel corresponding to |0) p pass through a 
spin-flipper (SF) (that contains a uniform magnetic field 
along, say, the +x-axis) which flips the state |f) to \\) . 
The resultant path-spin entangled state (using the above 
notation) can be written as 
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Or, in other words, as a consequence of introducing a 
spin-flipper in one of the channels, Alice now possesses 
the path-spin entangled state given by 
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Note that the above path-spin entanglement between the 
spin variables and the path observables of a spin-1/2 par- 
ticle - the 'intraparticlc entanglement' involved here is 
distinct from the usually discussed 'interparticle entan- 
glement', say, between the spin variables of two spatially 
separated particles, or even the recently discussed [13[ 
'hybrid entanglement' between the polarization of one 
photon and the spin of another spatially separated pho- 
ton. Further, the entangled state generated here is also 
different from several single particle entangled states in- 
volvin g th e entanglement of similar modes (e.g., Fock 
states |2p| . or neutrino flavor states [l6j]) discussed ear- 
lier in the literature. The present state corresponds to a 
single particle hybrid entangled state where the entangle- 
ment is between the spin and path variables of the same 
particle. 

Our goal is to now use this entangled state as a resource 
for performing the information transfer of the state of 
another particle (2) held by Alice. The state of particle 
2 is given by 



hrr = 7|o>i+*|i>; 



(7) 
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where 7 2 + S 2 = 1. At this stage we introduce another 
auxiliary particle possesed by Alice prepared in the state 
|0}g . The role of this particle is to ensure, as will be 
clear later, that the information about the state to be 
transferred is not lost even if the particle to be sent to 
Bob is lost in transit. The state transfer protocol begins 
with Alice making a CNOT operation, where the first 
particle's spin state is the control qubit and the auxiliary 
particle's spin state is the target qubit. After the CNOT 
operation the combined state of the first and the auxiliary 
particle is given by 



I C \ la 
1^3/ pss 



(a\\l)l\0)l\Oy s +iml\l)lm (8) 



Next, Alice makes another CNOT operation where the 
first particle's spin state is the control qubit and the sec- 
ond particle's spin state ([7]) is the target qubit. The 
resultant combined state of the three particles (first, sec- 
ond, and auxiliary) is now given by 

|V') 12a = «Tll>i|0>i|0>2|0>J + iMO>i|l>i|l>2|l>2 
+ «*|i>iio>i|i>2lo>j -h </3<5|0>JIl>i|0>2|l>S (9) 

Note here that the CNOT operations are performed by 
Alice on whichever path (transmitted or reflected) that 
is taken by her particle 1 on emerging from the beam 
splitter. This has to be done in order to use the path-spin 
entangled state as the telcportation channel. Performing 
any such operation before particle 1 falls on the beam 
splitter is of no use for telcportation, since the path-spin 
entanglement itself is created after the particle emerges 
from the beam splitter. 

Alice then sends her first particle (in a path-spin en- 
tangled state) to Bob. After Bob confirms that he has 
received the particle, Alice measures the spin of her sec- 
ond particle along the z-axis using her Stern-Gerlach de- 
vice (SGI in FIG. 1), and also measures the spin of her 
auxiliary particle also along the z-axis using her Stern- 
Gerlach device (SGA in FIG. 1). Eq.® can be rewritten 
as 
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[(O7|l)j|0>i +iP5\0)l\l)l)\0)l\0 x ) a s (10) 



V2 l 

+ (a 7 |i>J|o)i-i^|o)i|i)i)|o)2|i !e ); 

+ (tf7|0>J|l)l+a*|l>J|0>i)|l>2|0*>; 
+ (^10)111)1 +aS\l)l\0)l)\l)l\l x ) 



(11) 



using which it follows that the possible spin measure- 
ments on Alice's second particle and the auxiliary parti- 
cle leads to the corresponding states with the respective 
probabilities, as listed in the TABLE. I. 

Subsequently Alice classically communicates with Bob 
to tell him the results about her spin measurements (i.e., 
spin up or spin down for particle 1 and particle "a"). 
Now, Bob has to perform the remaining operations in 
order to recreate the state (J7J). Bob has two particles - 
one given by Alice and another particle (assumed to be in 
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TABLE I: 



a spin up state |0)g) which he holds initially. Depending 
on the measurement results that Alice communicates to 
Bob, the following operations are performed by him: 

Case I: When Alice's spin measurement on her second 
particle reveals a spin up (|0) 2 ) state, and measurement 
on her auxiliary particle reveals a spin up (lOz)") state. 

After receiving the first particle from Alice, Bob sends 
it through 50 - 50 beam-splitter (BS2 in FIG. 1). The 
action of the beam-splitter on the states |0) p and |l) p is 
given by 



|0>„ 
ID. 
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\\a) P + i\b) f 
[\b) p + i\a) t 



(12) 



Now, Bob makes a CNOT operation where spin state 
of the third particle (held by him from the beginning) is 
the control qubit and the spin state of the first particle 
(sent to him by Alice) is the target qubit. The combined 
state of the two particles after the CNOT operation is 
given by 
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v/2(a 2 7 2 + (3 2 8 2 ) 

+ lai \a)l\0)l\0)l + zP6\a)l\l)l\mi3) 

Next, Bob measures spin of the first particle using the 
two sets of the Stern-Gerlach apparatus (placed in both 
the paths \a) p and \b) p along the a;- axis). There are four 
possible outcomes of Bob's measurement, i.e., |ffl)p®|0i)J, 
\a)l ® \l x )l, \b)l ® \0 x )l, and <8 \l x ) l s , all of them 
occurring with equal probability 1/4. Depending on the 
exact outcome, Bob performs a corresponding unitary 
operation, described in the TABLE. II, to recreate the 
state initially held by Alice. 

The fidelity of the state transfer process is given by 



f = kvhvOI 2 



2\2 



(a^+ 135 2 ) 
a 2 7 2 + [3 2 S 2 



(14) 



Case II: When Alice's spin measurement on his second 
particle reveals a spin down (|1) 2 ) state, and measure- 
ment on the auxiliary particle reveals a spin down (|lx)°) 
state. 

Bob follows same procedure similar as in Case I. He 
first lets the particle sent by Alice fall on a 50 — 50 beam 
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Path and spin 
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splitter, makes a CNOT operation with it and the parti- 
cle held by him, and then measures the spin of the first 
particle using his Stern-Gerlach apparatus. Finally, de- 
pending on his measurement operation, he makes either 
of the four possible unitary operations as displayed in the 
TABLE. III. 

The fidelity of the state transfer process in this case is 
given by 

Case III: When Alice's spin measurement on her sec- 
ond particle reveals a spin down (|1) 2 ) state and mea- 
surement on the auxiliary particle reveals a spin up 
(\0 x ) a s ) state. 

Bob again follows a similar procedure as in the Cases 
I and II. The possible unitary operations that he has to 
perform are listed in TABLE IV. The fidelity of state 
transfer could also be easily obtained as in the earlier 
cases. 

Case IV: When Alice's spin measurement on her sec- 
ond particle reveals a spin down ( 1 1)^ ) state and mea- 
surement on the auxiliary particle reveals a spin down 
state. 

This case is similar to the Case III except in the unitary 
operations performed by Bob, which are listed in TABLE 
V. 



Considering all the four cases together, it follows from 
Eqs. (fT4| and (fl~5j) . and the expressions corresponding to 
the cases III and IV that the average fidelity of state 
transfer is given by 

F av = 7 4 + S 4 + 4 a /?7 2 <5 2 (16) 

If the path-spin entangled state of Alice's first particle is 
a maximally entangled state, i.e., a — {3 = then the 
average fidelity is equal to 1 . In this case our protocol of 
state transfer is perfect, and the state of Bob's particle's 
after the completion of the protocol is the same as Alice's 
unknown quantum state which she possesses initially. 

To summarize, in this work we have shown how the 
information encoded in the entanglement between two 
different degrees of freedom of the same particle can be 
used as a resource for performing the state transfer of an 
unknown qubit state to a distant location. This protocol 
is accomplished by a series of operations involving beam- 
splitters, a spin-flipper, CNOT gates, spin measurements 
by Stern-Gerlach devices, and unitary transformations. 
Our protocol may be viewed as a variant of the standard 
teleportation scheme for a single qubit. The difference 
here is that since the intra-particle entanglement which 
is used as a resource here cannot be initially shared be- 
tween the two distant parties, the particle itself has to 
be transferred from Alice to Bob at some stage. Note 
however, that the particle whose state is teleported re- 
mains with Alice, and its initial state is destroyed by 
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Alice's measurement, thus avoiding any conflict with the 
no-cloning theorem. It may be noted here that the act 
of physically sending one or more particles across dis- 
tances is an unavoidable component of information the- 
oretic protocols involved with setting-up entanglement 
over distances. Whereas, in the standard teleportation 
scheme, this process has to be initiated at the beginning 
in order to set-up a shared entangled state between two 
parties, in the present scheme involving path-spin entan- 
glement of a single particle, the particle is sent from Alice 
to Bob in the middle of the protocol. 

Now, it is natural to ask the question as to what hap- 
pens if the particle is lost in transit, i.e., is the informa- 
tion about the state to be teleported lost too ? We show 
here that even if the particle is intercepted, by say, a dif- 
ferent receiver Eve (in stead of Bob) it is not possible for 
Eve to extract the information encoded in the sent qubit. 
Let us first re-express Eq.© as 

|V) 12a = a\l)l\0)lm 2 s + S\l) 2 s )\0) a s 

+ l m 1 Mm 2 s+s\o)D\m a?) 

In this scenario, the path-spin entangled qubit (particle- 
1) is held by Eve and the spin qubit (particle-2) and the 
auxiliary particle "a" arc possessed by Alice. Thereafter, 
Eve can perform measurement on the spin state of re- 
ceived path-spin entangled state to extract information 
about the state given in Eq. ([7]). But it is clear from 
the above Eq. (|17p that whatever be the outcome of her 
measurement, she is unable to get any information about 
the state given in Eq. 0. Note that Eve could have 
been be successful in her task if Alice performs her mea- 
surement on the state of particle-2 before sending the 
particle-1 towards Bob. Further, it is also possible for 
Alice to retrieve the unknown state, as follows. When 
Bob confirms to Alice that he didn't get the particle, Al- 
ice makes a spin measurement on her auxiliary particle 
in the basis {|0)°, According to the measurement 

outcome, she performs a suitable unitary transformation 
on her second particle (i.e., either (i) she does nothing 
if she gets |0)", or (ii) she makes the unitary operation 



a x if she gets to retrieve the unknown state to be 
teleported. Note that the role of the auxiliary particle 
that we have used in this protocol is to ensure that in- 
formation of the unknown state to be teleported is never 
lost, even if Alice's particle 1 is lost in transit. 

We conclude by observing that creating the intra- 
particle path-spin entanglement could be considerably 
easier using beam-splitters and spin-flippers, as we 
have shown, than generating inter-particle entanglement 
through the controlled interaction of two particles. Since 
one does not have to preserve entanglement between two 
distant parties, our scheme should be less susceptible to 
decoherence effects, and thus provides an advantage over 
the standard scheme using two entangled qubits. The 
present work, however, is limited to showing the possi- 
bility of using intra-particlc entanglement as a resource 
for information transfer, and issues regarding practical 
feasibility need to be worked out in more details. The 
path (or linear momentum) degrees of freedom for phys- 
ical particles are always present in any experimental set- 
up. Here we have exploited these path variables to first 
generate path-spin entanglement at the level of a single 
particle, and then use it as physical resource for per- 
forming teleportation. This opens up the possibility of 
exploiting path-spin intra-particle entanglement for per- 
forming further information theoretic tasks. It may be 
also noted that though our protocol is demonstrated here 
for spin-1/2 particles such as neutrons, it could be easily 
implemented to other types of quanta such as photons 
using suitable optical devices. Finally, our analysis gen- 
erally recmphasizes the notion that entanglement is a 
fundamental concept independent of either any particu- 
lar physical realization of Hilbert space [l| , or delocalis- 
ability of the involved modes, and specifically highlights 
that hybrid entanglement at the level of a single particle 
fl7l [Tq could be regarded as a real physical resource. 
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